The acoustoelastic effect -that is the correlation between the acoustic properties and the stress state for a solid body -can be profitably employed for experimental measurements of applied and/or residual stress, for example starting from the results of ultrasonic tests. Usually, the interpretation of the results of acoustoelastic experiments is performed in the theoretical framework of the so-called third-order elasticity. In the recent past, more general theoretical models aimed at overcoming some limitations of the third-order elasticity for acoustoelastic stress measurements have been developed. In particular, here we refer to a model developed within the linearized finite elasticity theory and describing the propagation of small amplitude waves in prestressed elastic materials. In this model, no assumption on the origin of initial stress neither on the initial anisotropy of the material is made, but the only hypothesis is that ultrasonic waves superimposed on the stressed reference configuration behaves elastically; then, this theoretical approach is also applicable for the experimental stress analysis of plastically deformed bodies and of anisotropic materials. Moreover, this model leads to "universal relations" relating ultrasonic velocities to the stress in a prestressed configuration of a body. Ultrasonic acoustoelastic tests on specimens under known stress states allows us for showing that the application of the above mentioned theoretical model, together with the use of a suitable experimental setup developed at our laboratory, may lead to stress measurements with an high level of accuracy.
Introduction
The possibility of an accurate evaluation of stress states in solid bodies by non-destructive tests is a very ambitious and appealing research goal. Indeed, the experimental determination of applied or residual stress for a
The possibility of an accurate evaluation of stress states in solid bodies by non-destructive tests is a very ambitious and appealing research goal. Indeed, the experimental determination of applied or residual stress for a structure of for a structural component is crucial for the structural safety, for estimating the residual service life of the structure or of the component, and then for reducing the maintenance and repair costs.
The development of ultrasonic testing techniques, occurred from the 50s, encouraged many researchers to study the acoustoelastic effect, that is, the changes in the feature of the propagation of acoustic waves in solids due to initial residual or applied stresses. Among the other existing techniques for non-destructive evaluations of the stress [1] , the acoustoelastic approach have several advantages: other non-destructive techniques are effective only for measuring surface or near surface stress; acoustoelastic approaches are, in principle, easier to be arranged into in-situ test procedures, etc.. From a theoretical point of view, perturbations of a prestressed configuration of a body have to be studied. From an experimental point of view, the acoustoelastic effect may be revealed only by very accurate measurements: for each MPa of applied stress, a variation of the ultrasonic velocities of only 0.001% it is observed.
Usually, for the interpretation of acoustoelastic experiments the model in [2] it is used; this approach requires the determination of appropriate acustoelastic coefficients [3] [4] [5] expressing a linear relationship between the stress and the changes in ultrasonic velocity. However, it is experimentally evident the non-linear dependence of the velocity on the applied stress, even for stress levels laying within the elastic range [4] . Moreover, in [2] the body is assumed to be hyperelastic, and it is assumed that the initial stress is due to finite elastic deformation from a unstressed "natural state", whereas often residual or applied stress are related to inelastic deformations [6] .
Other theoretical models are based on the acoustic birefringence [7, 8] : the stress it is estimated by studying the acoustic birefringence due to the time-of-flight difference between two shear waves with different polarization propagating in the stressed material. Also this approach shows some shortcomings: in particular, it is practically impossible to distinguish the birefringence due to the stress (the stress-induced anisotropy) from the birefringence related to the initial anisotropy of the material (the texture-induced anisotropy). Moreover, also this approach make use of coefficients, to be deduced from calibration curves.
Here we refer to an acoustoelastic model developed in the framework of the non-linear theory of elasticity by Man and Lu [9] . This model fits in the research line starting from Cauchy and continued by the pioneering nonlinear acoustics studies of Biot [10, 11] , and benefit of the theoretical developments of the "rational" linearized elasticity [12, 13] . The approach by Man and Lu leads to universal relations relating the ultrasonic velocities to the stress (and the density) in a prestressed configuration of a body. No assumption on the origin of the initial stress and on the initial anisotropy of the material is made, but the only hypothesis is that the response of the prestressed reference configuration for superimposed ultrasonic waves is elastic. Thus, this theory is also applicable for plastically deformed bodies; moreover, this approach is more general that other acoustoelastic models in the literature, and then it looks promising in view of accurate acoustoelastic measurements of the stress.
In this paper, we discuss the results of ultrasonic acoustoelastic tests on a steel specimen in known stress states. We show that the interpretation of the acoustoelastic results by the Man and Lu model, together with the use of a suitable experimental set-up, allows for stress measurements with an high level of accuracy.
Ultrasonic characterization of prestressed materials: two acoustoelastic theoretical approaches

The classical Hughes and Kelly acoustoelastic model
The classic and widely employed theoretical model for the interpretation of acoustoelastic experiments is that by Hughes and Kelly [2] and it is developed within the framework of the second order elastic theory, starting from the approach by Murnaghan [14] . Two fundamental assumptions are made: (i) the body is hyperelastic, and the initial stress state is reached by a finite elastic deformation starting from a natural unstressed state; (ii) acoustic waves are considered as small perturbations of the initial stressed body. This way, the velocity of acoustic waves is related to the stress state, to the second-order elastic constants (SOEC, the same considered in the classical linear elasticity theory), and to the third order elastic constants (TOEC), which measure the material nonlinearity. In particular, for the case of a initial uniaxial stress T 0 , the wave velocities are given by (1) , where ρ is the mass density, the SOEC λ and μ are the classical Lamè constants, the TOEC l, m and n are called Murnaghan constants, and 0 K =λ+ 2 3μ . In (1), v L indicates the velocity of longitudinal wave propagating orthogonally to the direction of the uniaxial stress T 0 ; v S⊥ and v Sǁ indicate the velocity of transversal waves polarized orthogonally and parallel, respectively, with respect to the direction of the uniaxial stress T 0 [2] [3] [4] [5] .
( )
For practical applications in acoustoelastic experiment, it is relevant the difference between the velocities in the prestressed material (1) and the velocity 0 v in absence of initial stress:
where σ v is the velocity in presence of an initial uniaxial stress T 0 ; K is an acoustoelastic coefficient related to the Lamè constants (SOEC) and the Murnaghan constants (TOEC) [3] [4] [5] . Thus, once determined K, (2) allows for evaluating the initial uniaxial stress T 0 by experimentally measuring the relative changes in the ultrasonic velocity.
This acoustoelastic approach, widely employed by the acoustoelastic practitioners, has the following main limitations: (i) it is assumed that the body reaches the initial stressed configuration by a finite hyperelastic deformation, whereas in many cases initial stresses are due to inelastic deformations; (ii) the dependence of the acoustic response on the initial stress is expressed by the acoustoelastic coefficients, which in turn non-linearly depend on the initial stress; moreover, for a given stress level, the velocity of ultrasonic waves is independent of the loading path [4] ; (iii) applications are difficult in case of anisotropic materials. Those limitations may have a significant impact on the accuracy of the experimental measurements of the initial stress. Moreover, the determination of the acoustoelastic coefficients for the specific considered material is needed. Finally, classical ultrasonic contact techniques can not be effectively employed for the measurements of residual stresses. Indeed, in ultrasonic contact tests it is possible measure only the average response of the sample, and only if the body response is homogeneous, then the average response is representative. We recall that if the initial stress 0 T is a residual stress, 0 T can not be homogeneous [9, 12, 13, 15] . In this case, contactless techniques like ultrasonic immersion tests or laser ultrasonics, recently developed and capable of local measurements, have to be employed [16] [17] [18] [19] [20] .
The Man and Lu acoustoelastic model
The acoustoelastic theory by Man and Lu [9] has its roots in the pioneering works of Biot [10, 11] and in the linearized elasticity theory by Hoger [12, 13] , proposed for static non-destructive measurement of residual stress.
Let's consider a body in a given prestressed reference configuration r B , with 0 T the (Cauchy) initial stress. At any point ∈ r B x , the following hyperelastic linearized constitutive relation describe the response of the body to small elastic displacements superimposed on r B :
where S is the first Piola-Kirchhoff stress tensor in r B , E and W are the symmetric and the skew-symmetric parts of the incremental displacements gradient H, respectively;  is the incremental elasticity tensor, endowed by the minor symmetries; ( ) (
is the elasticity tensor. Notice that, in general, the dependence of  from the initial stress 0 T is non-linear. Man and Lu recast (3) in the form
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is a fourth order tensor called the Man and Lu incremental elasticity tensor [9] . It is possible to show that if  is symmetric, then also L is; furthermore, L is homogeneous if and only if  is, provided the initial stress 0 T be homogeneous. Thence, the response of a body is homogeneous if and only if  and 0 T are homogeneous. For modeling wave propagation phenomena involved in ultrasonic acoustoelastic experiments, we can consider bulk waves as small displacements superimposed on the stressed reference configuration r B . Thus, in absence of body forces, we have the following equation of motion:
where ρ is the mass density and u = u(x, t) is the wave displacement field defined for any ∈ r B x at the any time t. A plane progressive wave ( ) ( )
with a the direction of motion, n the direction of propagation, v the velocity and ϕ a real valued smooth function, is a possible solution of (6) if and only if a satisfies the Fresnel-Hadamard propagation condition
where ( ) Γ n is the second order Christoffel tensor for the direction n, defined as (
(the superscript t denotes the minor transposition for a fourth order tensor). We see that ( ) Γ n is independent of the density and is associated only to the elastic properties of the body and to the initial stress 0 T by the incremental elasticity tensor  , and to the propagation direction n. For a given n, ( ) Γ n is symmetric since  is; then the spectral problem (8) admits at least three real eigenvalues. Furthermore, if those eigenvalues are positive, then for the considered point there exist at least three orthogonal directions of motion with real speed of propagation for plane progressive waves. This result is analogous to that of the classic linear elastodynamics theory (in absence of initial stress). Of course, it is also possible to express ( ) Γ n in function of the Man and Lu incremental elasticity tensor L [9] .
If one conveniently considers differences between propagation velocities, for some special material symmetry classes it is possible to get universal relations, which do not depend upon the components of  or of L [9] , but only on the initial stress, on the density and on the propagation directions. It is helpful to recall that at given point the initial stress commutes with each element of the material symmetry group; thus, an elastic body with given material symmetry can admit only initial stresses that commute with all the elements of the symmetry group. This implies restrictions on the allowable form of the initial stress tensor, depending on the material symmetry class [9, 12, 13, 15] . By the above universal relations, Man and Lu provide a new theoretical framework for ultrasonic stress measurements. In particular, for the case of a progressive plane wave in a homogeneous orthotropic body with an initial homogenous stress 0 T , in a reference system whose coordinate planes are parallel to the principal planes of orthotropy, by exploiting the propagation condition Man and Lu obtain the following family of universal relations [9] 
where ρ is the mass density; ( ) ( ) e s s are principal orthotropic initial stresses. These universal relations correlate the ultrasonic phase velocity only to the density, to the difference between the principal initial stresses and to the propagation directions, but do not involve the components of  or of L [9] . This is an important goal in view of acoustoelastic testing: by using (9) it is possible to ultrasonically evaluate the initial stress without knowing the birefringence of the material due to the constitutive anisotropy (texture-induced anisotropy) or to the loading history (stress-induced anisotropy). Notice that if we put in (9) ( ) ( ) 
The approach by Man and Lu appears to be more general and applicable also in the case of inelastic initial stresses and of anisotropic materials, and thus appears to be very promising for developing effective and accurate experimental procedures for acoustoelastic measurements of residual or applied stresses. Nevertheless, its practical application has been held back by some experimental difficulties. Indeed, a very high accuracy in the velocity measurements and a careful cleansing or the acquired signals is required; moreover, by employing the classical ultrasonic contact transducers, specimen of very complex form may be required [21] . Finally, the same limitations of ultrasonic contact techniques for the measurements of residual stresses reported in Sect. 2.1 hold; then, in the case of residual stresses, contactless techniques like ultrasonic immersion tests or laser ultrasonics have to be applied.
Acoustoelastic tests
Our acoustoelastic ultrasonic experiments were carried out at laboratory "M. Salvati" (Politecnico di Bari). We analyzed the acoustoelastic behavior of a dog-bone steel specimen with cross section A=59,83 mm 2 during a tensile test. Therefore, the material is isotropic and the initial stress is homogenous and uniaxial, at least enough far away from the ends of the sample. The experimental setup consists in: an electromechanical INSTRON testing machine; an ultrasonic pulser/receiver Panametrics 5800; an oscilloscope Agilent DS06014A; 2 ultrasonic 5 MHz transversal wave contact transducers and 1 ultrasonic 1 MHz longitudinal waves contact transducer; a PC controlling the test by an "ad hoc" designed LabVIEW software [22] (Fig. 1) . During the acoustoelastic experiment, we applied an increasing traction load and we measured for each load step the change in the velocities of ultrasonic waves. Two ultrasonic transversal transducers were placed on the sample, with wave polarization directions orthogonal and parallel to the load direction, respectively, and propagation direction orthogonal to the load direction. In order to determine the natural reference velocities, we first performed measurements before applying the load. Then, we considered 5 load steps (0 kN, 2,5 kN, 5 kN, 7,5 kN, 10,5 kN) , and for each of them we measured the time of flight (TOF) of the ultrasonic waves; the acquired signal was processed by using the LabVIEW software. In particular, a large number of TOF measurements (about 100 samples) for each load step and a suitable signal processing procedure allows for minimizing measurement errors and for obtaining more accurate results. We observe that below a tensile load of 10 kN the material is in the elastic range, while a load of 10,5 kN, corresponds to a stress of 262,5 MPa, higher than the yield stress of the sample.
Results and discussion
In Table 1 we collect the measured ultrasonic velocities for each load step: v L for ultrasonic longitudinal waves propagating orthogonally to the load direction, and v S⊥ and v Sǁ for ultrasonic shear waves polarized orthogonally and parallel to the applied load, respectively. In Fig. 2a , we show the change in the velocities of the ultrasonic shear waves v S⊥ and v Sǁ versus the applied stress. Notice the acoustic birefringence: the velocity of shear waves polarized orthogonally to the applied load v S⊥ increases as the applied stress increases, while the velocity of shear waves polarized parallel to the applied load v Sǁ decreases as the applied stress increases. In Fig. 2b we show how the velocity of ultrasonic longitudinal waves v L varies as the applied stress increases. In Fig. 3 Once measured the velocities of ultrasonic waves and the material density, we first apply the acoustoelastic model by Hughes and Kelly: by (1) we determine the second order (SOEC) and the third order (TOEC) elastic constants of steel sample for each load step (see Table 2 ). We observe that the SOEC and TOEC values change in non-linear way as the applied stress increases; in particular, λ and n decrease, while μ, l and m increase. Then, by (2) we determine the acoustoelastic coefficient K for each kind of ultrasonic waves propagating into the prestressed sample: K S⊥ and K Sǁ , for shear waves polarized orthogonally and parallel to the load direction, respectively, and K L for longitudinal waves propagating orthogonally to the load direction; those coefficients are collected in Table 3 . Table 2 . Second order (SOEC) and third order elastic constants for each applied stress step.
Applied stress
Second order elastic constants (SOEC) Third order elastic constants (TOEC) In Table 3 , we see that the acoustoelastic coefficients vary with the stress level. In particular, the acoustoelastic coefficient K L related to the longitudinal waves varies in a very wide range. Conversely, the acoustoelastic coefficients K S⊥ and K Sǁ related to the two considered shear waves varies in a small range; anyway, the values of K S⊥ are significantly different from those of K Sǁ . Thus, in view of ultrasonic acoustoelastic experimental applications, only shear wave transducers should be employed. Of course, the evaluation of the initial stress is possible only if the acoustoelastic coefficients for the considered material have been previously determined. Now, we apply the Man and Lu acoustoelastic model; in particular, by using (9) and by assuming σ 1 =0 we evaluate the applied stress σ 3 . In Table 4 we show for each load step a comparison between the ultrasonically determined values of the stress, evaluated by applying the acoustoelastic model of Man and Lu, and the actual values of the stress, determined starting from the values of the applied tensile load. The accuracy of obtained results is remarkable: the difference between the ultrasonically evaluated and the actual values of the stress is below 3,5%, with the only exception of the highest value (near to the yield stress), for which we get a difference of 6%, still acceptable for engineering purposes. We think that by using contactless ultrasonic setups, like immersion or laser ultrasonic techniques, it is possible to further improve the accuracy of the stress determination: this will be the subject of future investigations. It is important to underline that in this case, differently from the acoustoelastic approach based on the Hughes and Kelly theory, acoustoelastic measurements are possible without the need of any information about the material (like, for example, the preliminary determination of the acoustoelastic coefficients), or of any assumption on the origin of initial stress or on the initial anisotropy of the material. 
